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The possibility of a drastic reduction of electron repulsion and nuclear attraction integral evalu-
ations occurring in non-empirical quantum chemical orbital methods of Hartree-Fock and config-
uration interaction type is discussed. Simplification schemes are proposed and examined in con-
sideration of useful numerical applications. 
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1. Introduction 

In order to extend the applicability of non-empiri-
cal q u a n t u m chemical methods expanding delocalized 
orbi tals of molecules and stereoregular crystals as a 
l inear combina t ion of a tomic basis functions, we re-
vive a discussion mainly held in the sixties and seven-
ties abou t the possibility of neglecting small integral 
values occurring in numerical calculations of elec-
t ronic states and their energies with only little loss of 
accuracy [1]. 

Within the Born-Oppenheimer picture of fixed 
nuclear posit ions any procedure of such kind is based 
on the evaluat ion of four different types of integrals 
over some finite number N0 of atomic orbitals 
{ 0 > - / ? M ) | M = l , 2 , . . . , i V a ; / i e M } localized at Na 

a tomic centers [2]. Here, r is the vector of the elec-
t ronic coordinates (x, y, z), and RM denotes the posi-
t ion vector of a tom M to which all orbitals with index 
p belong (notat ion: p e M). F o r convenience, all these 
a tomic orbitals are taken to be real. 

Overlap integrals 

% v = \drct>ll{r-RM)<j>v{r-RN), (1) 

M,N = \ , 2 , N a , peM, veN, 
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kinetic energy integrals 

= - i 1 d r 4>Jr-RM) [ A ( r ) <t>v(r-RN)], (2 ) 

M , N = l, 2 , N a , pe M, veN, 

a2 a2 a2 
with A(r) = — r + — z + — t h e Laplacian opera tor 

8 x 3 y z oz1 

in cartesian coordinates , and nuclear attraction inte-
grals (3) 

= - Z A j d r 4>ß(r-RM) k - t f j " 1 <f>v(r—RN), 

M, N, A = l , 2 , N a , peM, v e J V , 

with Z A the a tomic n u m b e r of nucleus A, depend on 
the coordinates of one electron, only. 

Using the chemists ' (11122) notat ion, two-electron 
repulsion integrals read as follows: 

•kx-r2\~l<i>Q{r2-RR) <t>a(r2-Rs), 

M,N,R,S = l,2,...,Na; peM; v e N ; 
Q e R\ oeS. 

Like in (1), (2), and (3), the orbi tal basis is indicated by 
a left-side superscript t h roughou t in this paper. 

2. Neglect of Diatomic Differential Overlap ( N D D O ) 

The most sophist icated neglect of differential overlap 
( N D O ) me thod commonly used is N D D O (neglect of 
diatomic differential overlap) [3], where the differential 
over lap 0V d r of two basis funct ions — RM) and 
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(pY(r — RN) centered on different nuclei is taken to be 
zero. In particular, the number of non-zero two-
electron repulsion integrals of order N0

4 will now be 
drastically reduced: 

: = ^MN ^KS (</V 6 M</>veM I <£<?€* </>*€«)> (5) 

M, N, R, S = 1,2,..., Na. 

Note that repulsive three- and four-center interact ions 
vanish completely. Application of the N D D O scheme 
on the one-electron at t ract ion integrals of order N2 Na 

will lead (among others) to the neglect of all at tract ive 
three-center interactions: 

M ves(A) '•= SMN ^V^^ M ve m(A), (6) 

M, N,A=\,2,...,Na. 

In contrast to the C N D O scheme (complete neglect 
of differential overlap) [3], which cannot adequately 
differentiate between the interact ions of two electrons 
with parallel and antiparallel spins, N D D O is also 
appropr ia te for the unrestricted Hartree-Fock t reat-
ment (UHF) of open-shell systems [2, 3]. Moreover , 
since the surviving integrals depend only on the na ture 
of the a toms to which the orbitals belong and not on 
the orbital type, they all are invariant with respect to 
rotat ions of the coordinate system [3]. 

It turns out, however, that the applicat ion of 
N D D O is particularly well suited for symmetrically 
(Löwdin-)orthogonalized [2] sets of basis funct ions 
{^{r)\p = l,2,...,N0} defined th rough 

M' n' e M' 
where 

<t>\ = * = + 

with the proper ty [2] 

(7) 

(8) 

= « " s ^ s ^ s - * = *S~**S + * = 1 = XS. (9) 

Mainly two paths lead to some justif ication of the 
N D D O approximat ion : 

• The second order binomial expansion of the sym-
metrically orthogonalizing (Löwdin) matr ix 
[4] or related approaches [5] and 

• the Ruedenberg expansion technique [6] start ing 
from complete basis sets on each a t o m [7]. 

A brief survey of all a t tempts to rationalize the 
N D D O scheme (together with some critical re-exami-

nations) can be found in Chandler 's and Grader ' s pa-
per [5]. Because of the convergent nature of their ex-
pansion method, these authors also claim the formal 
correctness of their analysis. Assuming an atomic or-
bital </>-basis which is already locally orthogonalized on 
each center, they conclude, similarly to the earlier 
work of Brown and Roby on this subject [4]: 

1. Sums of kinetic energy and all corresponding 
nuclear a t t ract ion energy integrals over a tomic or-
bitals of the original (0-)basis cannot be identified in 
their entirety with those of the symmetrically or thogo-
nalized (Löwdin) basis. In our nota t ion: 

Na JVa 

X v + 1 % M ) * X v + Z X M ) , (10) 
A A 

M,N=l,2,...,Na, peM; veN. 

2. Concerning the evaluation of electron repulsion 
integrals, the N D D O approximat ion has some justifi-
cat ion within the /.-basis [8]: 

( V m ^veN I V « Aaes) 

~ ^MN ^RS i^fi e A veM I ^eeR ^ e « ) ' 

M, N, R, S=l,2,..., Na. 

Exceptions of this statement may arise for three-center 
integrals involving interactions between a one-center 
dis tr ibut ion and a two-center distribution. 

3. Fur thermore , surviving non-zero repulsion inte-
grals over the symmetrically or thogonal A-basis 
orbitals can be roughly identified with those of the 
a tomic </>-basis: 

( V - v I V n x ) ~ I </>e ' 
M,R = \,2,...,Na, 
p, v e M ; g , o e R . 

(12) 

Some kinds of one- and two-center repulsion integrals, 
however, may fail to satisfy (12) to the desired degree 
of accuracy. Such discrepancies f rom the general rule 
gave rise to the int roduct ion of corresponding scaling 
factors which were expected to the better determined 
by a careful analysis [5] rather than by compar ison 
with some selected ab-initio results [10]. 

3. Simplified Integral Evaluation 

Referring in par ts to the results of the analysis sum-
marized above, we are now in a position to sketch a 
conceptionally simple integral approximation scheme: 

As long as integral evaluations can be performed 
only for a given set of a tomic {(f)-basis) orbitals but not 
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directly within the / -bas is we canno t profit f rom result 
(11) alone, since the full integral t ransformat ion of 
non-zero NDDO-surv iv ing / -bas is repulsion integrals 
according to 

(13) 

= Z Z 
Af\N\Ä',S' ii' e M' 

v'eN
K, M, R = \ , 2 , . N a , e e R 

»'es' p,veM; g,oeR 

still requires the evaluation of all 0-bas is repulsion 
integrals. 

Using result (12), however, these non-zero N D D O -
surviving A-basis repulsion integrals may be identified 
directly with those of the 0-basis. It is reasonable to 
assume such an equality to be valid at least for repul-
sive long-range interactions between two centers M 
and N with \RM — RN\ > Dr, specified by a distance 
parameter Dr. 

The simplified repulsion integral set (indicated 
th rough a superscript s) over symmetrically o r thogo-
nalized orbitals is then obtainable f rom the corre-
sponding NDDO-surv iv ing 0-basis repulsion integral 
set wi thout performing the full integral t ransforma-
tion (13): 

M , K = l , 2 , . . . , N a , 
(/MAJVJS:=(<MVIM»), \RM-RR\>D„ (14) 

/ i , v e M ; Q , a e R . 

If, however, we assume (12) not to be valid for inte-
grals over orbitals localized at two near-neighbor 
a toms M and N with | / ? w — RN\ < Dr, an at least 
approx imate integral t ransformat ion is unavoidable . 
The 0-basis repulsion integrals of N D D O type then 
have to be determined implicitly by an approx imate 
expression. Using Mulliken s approximation [11] for 
this purpose in the form 

M, N =1,2,..., Na, 
< M v d r : = i * S , v ( 0 2 + 0 v

2 ) d r , M + N , 
peM; veN (15) 

we obtain for the simplified short-distance and one-center repulsion integrals 

( M v l W : = Z Z % ' / * v < v ( < / V 4 V \ 4 » 9 - K ) * X q - * X 9 . 9 
M',R' n',v'eM' 

Q', a' e R' 

+ i I Z v [ ( 4 v t f v I <t>e-<M + ( 4 v 0 V 1 < / v 0 . - ) ] } 
M'.N'.R' p'eM' 
M'*N' v'eN' 

\RM--RN-\<Dr q', a' e R' 

+ k
2 I Z [(tfv cpv. 14>0. <t>e.) + (0 , . </v | 4>a. <f>,)]} *xe,e*xa.a 

M',R',S' n',v'eM' 
R'±S' e'e R' 

\RR' -Rs \<Dr a'eS' 

+ i Z Z v v. [(</y <pß, 14>0' 4 v ) + W v <M4>Q ' <t>e) M',N',R',S' ß'eM' 

l*R.-*s.|<i>r .'eS' M,R = \,2,...,Na, \Rm — Rr \ < Dr, p,veM; g,oeR. 

An equivalent formula can be developed, using instead of (15) the more expensive Ruedenberg approximation 
[6] in the form 

( / > M 0 v d r : = i f Z + Z X > v < / 0 < l r , M, N=l,2,..., Na, M + AT, peM; veN . (17) 
\p'eM v'eN J 

Similarly to the ideas of Brown, Burdon, and Will iams [12] we then get 

( / „ / v I / c A af : = Z Z </>V I <t>< <K) 
M',R' n', v' e Af' 
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+ 1 Z Z % " / * v < v { z l < / V < M + I 
M'.N'.R' n' 6 M' ln"eM' v"eJV J 

M'*N' v'eN' 
|RM-«Jvl<Or e'.aeR' 

+ i I I I Z 

M',R\S' ß'.v'eM' i ß" e R' a"eS' J 

| R r . - R s - l < D r <x'eS' 

+ i z z z ^ . ' v T z z 
M\N,,R\St ß'e M' i fi"eM' <r"eS' J 

M' R' *S' v'eN' 
\Rm ~Rn \<Dr e'eR' 
| R K , - R s , | < D r ,7'eS' * ' 

+ Z 
v" 6 N' Le"eR' <r"eS' 

<t>V <t>V 
o'o ^a'a ' 

M , R = 1 , 2 , . . . , i V a , | / ? M - / ? Ä | < Z ) r , ftveM; g . a E Ä . 

The distance parameter Dr in (14), (16) and (18) controls the level of sophistication. A big Dr implies that the 
simplified t ransformat ion includes even small long-range interaction. If, on the o ther hand, Dr is chosen to be 
zero, then the simple equality (14) will be applied to repulsive shor t - range and one-center interactions as well, 
instead of (16) or (18). A practical choice of Dr will ensure tha t the t ransformat ions (16) or (18) will be performed 
only for NDDO-su rv iv ing integrals over next-neighbor a tomic orbitals, thereby taking only next-neighbor 
interactions with considerable overlap into account. 

According to the result (10), on the other hand, the kinetic matr ix ^K as well as the at t ract ion matrices 
\A = i, 2 , . . . , Na} have to be t ransformed accurately into the symmetrically orthogonalized basis 

AK = + ^K ^X , (19) 

^\{A) = 't>Xu\(A)^\, A = \,2,...,Na. (20) 

However, in order to compensate the effect of neglecting repulsive contr ibut ions and to get rid of all three-center 
one-electron integrals too, we introduce equivalent simplifying assumpt ions (again indicated through a super-
script s) concerning the evaluation of nuclear a t t ract ion integrals. Again using Mulliken's approximat ion, we 
obtain 

XV;M)'= Z Z *Xß.*Vß-A*)'X^ + \ Z Z *Xß.ß{*Sß.y.[*Vß.ß.(A) +«T v V G4)]}*X v , v , (21) 
M' fi', v' e M' M', N' |i'eM' 

M'*N• v' e N' 
\RM-RN'\<DA 

M, A = l, 2 , . . . , i V a , \RM-RA\<Da, / j , v e M . 

Using Ruedenberg 's approximat ion, instead we get 

%SM):= Z Z *Xß.ß%.AÄ)*X^ 
M' n',v'eM' 

+ 1 Z Z * x ß . ß \ Z * s ß S v ß ' A Ä ) + z % - ^ K - A A ) ( 2 2 ) 
M',N' n' e M' Lu"e\f v"eN' J 
M' * N' v' 6 N' 

\RM.-RN.\<DA M, A = l , 2 , N a , \RM-RA\<Da, / j , v e M , 

Again, the distance parameter Da for attractive interactions defines the environment in which 0-basis orbitals 
are expected to overlap considerably. In all other cases, the much simpler following equality will be used: 

%\(A):=%V(A), M,A = \,2,...,Na, \RM-RA\>Da, (23) 
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4. Atomic Orbital Bases 

We consider a real all-electron minimal basis set of 
atomic Slater-type orbitals /, | m £) | j = 1,2,..., 
N0} [13] each characterized by the three q u a n t u m 
numbers n, /, and m, and the orbital exponent Since, 
according to the equa t ions of the preceding pa ra -
graph, only one-center and two-center integrals have 
to be evaluated, a basis set of a tomic Slater-type or-
bitals (STO) seems to be more adequa te t han an 
equivalent contracted set of Gauss ian- type orbi tals 
(GTO) (cf. [2]): 

• In contras t to Gauss ian functions, orbi ta ls of Slater 
type show a qualitatively correct shape in the vicin-
ity of their atomic centers as well as far away f rom 
them. 

• We cannot profit by the main advan tage of G a u s -
sian functions, namely that evaluat ions of three-
and four-center integrals can be reduced to calcula-
tions of one- and two-center integrals only. 

An all-electron basis set is considered in order to 
keep our approach conceptionally simple. In this case, 
no fur ther assumptions, like the frozen-core approxi -
mation, have to be made . In part icular , such an ap-
proach seems to be justified for the second period 
elements Li, Be, B, C, N, O, and F, where only one Is 
Slater-type orbital per a t o m has to be handled addi-
tionally. 

Within an ordinary all-electron minimal basis set of 
Slater type not all a tomic orbitals are o r thogona l to 
one another [13]. Since a con tamina t ion of inner shell 
orbitals by admixtures of valence orbi tals "has a disas-
trous effect on the energy" [10] in simplified q u a n t u m 
chemical calculations a locally o r thogona l a tomic or-
bital basis of Slater type may be preferable, such tha t 
a tomic orbitals of higher principal q u a n t u m number s 
are successively or thogonal ized against their next in-
ner shells by means of the Schmidt p rocedure [14]. 
Alternatively, symmetrically or thogonal ized a tomic 
orbitals can be used, available th rough Na local 
Löwdin or thogonal iza t ions [2]. 

By inspection of (14), (16), (18), and (21), (22), (23) it 
becomes apparent tha t n o approx imat ions at all will 
be int roduced into the evaluat ion of one-center inte-
grals whenever a locally or thogonal ized a tomic or-
bital basis is used. Consequent ly , the described simpli-
fications then have n o effect in any q u a n t u m chemical 
orbital method applied on a toms. 

Because the integrals needed in any simplified p ro-
cedure originally have to be evaluated within a basis 

of ordinary Slater-type orbitals (/-basis), the use of an 
all-electron basis set of or thogonal ized a tomic Slater-
type orbitals (0-basis) requires local t ransformat ions 
of all / -basis orbitals belonging to the same a tom. The 
square N0 x N0 t ransformat ion matr ix XL which per-
forms such local or thogonal izat ions has only few non-
zero elements. It a t tains a block-diagonal form when-
ever a suitable orbital sequence has been chosen. The 
overlap integrals of the or thogonal ized 0-bas is 
then are obtainable f rom those of the ordinary Slater-
type / -basis through 

^ S p v = Z xLn' t lxS /1-v<xLv.v, (24) 
ji'eAf 

M,N = 1, 2, ...Na, peM; veN. 

Equivalent formulas hold for the kinetic energy inte-
grals and the surviving nuclear a t t ract ion inte-
grals X M Y -

^Siv = Z x L ß l l
x K l l ' V . x L V ' V , (25) 

n'eM 

M,N = 1, 2, ...Na, peM; veN. 

X M ) = I ' L ^ / V ^ i A V L ^ , (26) ß', v'eAf 
M,/4 = l , 2 , . . . iV a , n,v eM. 

The surviving repulsion integrals of the </>-basis are 
obtainable th rough 

= I *LV.V (/„. Xv-1 XQ- X„) xLee
 XK;» (27) 

ß', v'eAf 

M,R = 1 , 2 , . . . , Na, n,veM;Q,aeR. 

The matr ix *L is available f rom *S by the s tandard 
numerical Schmidt [14] or Löwdin procedure [2], re-
spectively. It should be stressed, tha t the t ransforma-
t ion (27) is only feasible at modera te expense, because 
the t ransformat ion matrix *L is sufficiently sparse. Of 
course, an application of the original (in par t s non-or -
thogonal) Slater-type atomic orbi tal set does not re-
quire any local t ransformat ion at all, i.e. *L = 1 in this 
case. 

5. Practical Considerations 

F o r the determinat ion of integral values over ordi-
nary (/-basis) a tomic orbitals of Slater type needed in 
our simplified approach we make use of the F O R -
T R A N program D I A T O M [15] available at Q C P E 
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[16], which produces all non- redundant one-center 
and two-center integrals using different local coordi-
nate systems for different pairs of a toms [17]. The 
t ransformat ion of these dia tomic integrals into the 
global coordina te system is described in [18]. Subse-
quently the / -bas is dia tomic integrals have to be lo-
cally or thogonal ized by means of the Schmidt or 
Löwdin procedure [14,2] (cf. (24), (25), (26), and (27)). 

The (global) symmetrical (Löwdin) or thogonal iza-
tion will be performed as follows [2]: Diagonal izat ion 
of the positive definite overlap matrix ^S by means of 
s t andard numerical a lgori thms [20] 

^ U u S ^ U = s (28) 

yields an or thogona l (column-)eigenvector matr ix ^U 
as well as the corresponding diagonal matr ix s of pos-
itive eigenvalues. By taking the inverse square root of 
each eigenvalue in s we get the diagonal matr ix 
tha t can be "undiagonalized", whereby we finally ob-
tain the desired matr ix 

^ S - * = (29) 

Local Löwdin or thogonal iza t ions will only include 
the orbitals of each center separately. 

6. Illustrative Examples 

In order to gain some insight into the na ture of the 
integral approximat ions of Section 3, and to illustrate 
what can be expected f rom them, we first list all non-
redundan t 0-bas is repulsion and at t ract ion integral 
values occurring in a minimal basis set description of 
the hydrogen molecule with one Is a tomic orbital 
(£ = 1.2) centered on each of bo th nuclei. The experi-
mental equil ibrium bond length used as fixed inter-
a tomic distance R is 0.742 Ä (1.402 a.u.) [21]. Local 
or thogonal iza t ions are inapplicable in this case, and 
there is no difference between Mulliken's and Rueden-
berg's approximat ion . The only overlap integral value 
then is S 1 2 = S 21 = 0.674. 

T h o u g h an explicit four-index t ransformat ion of all 
0-bas is repulsion integrals into the / -basis according 
to (13) is self-prohibitory in general, it may be quite 
instructive to see the effect of symmetrical or thogonal -
ization on the integral values of interest in the special 
case of our minimal basis H 2 example with only 16 
repulsion integrals. Fur thermore , a back- t ransforma-
tion of the simplified / -bas is repulsion integrals into 

Table 1 a. Non-redundant 0-basis repulsion integrals [22]. 

H v q a \4>M 1<t>e<t>J ( < M v l < W 
D= 0 Dr>R D= 0 

using (16) or (18) 

1 1 1 1 0.750 0.707 0.750 
1 1 1 2 0.442 0.441 0.441 
1 2 1 2 0.302 0.298 0.298 
1 1 2 2 0.560 0.603 0.560 

Table 1 b. Non- redundant A-basis repulsion integrals. 

ß v Q a ( V v l W (W w ( W W ( V v l W 
D,= 0 Dr>R D,= 0 

using (16) or (18) 

1 1 1 1 0.832 0.750 0.829 
1 1 1 2 - 0 . 0 0 6 0.000 0.000 
1 2 1 2 0.011 0.000 0.000 
1 1 2 2 0.483 0.560 0.480 

the original 0-bas is th rough 

{ < t > J M M s 

= s *s;.* (V I a, K)s +s;.* *s+* (30) 
n', v', e', a' 

n, v, e,a = i,2,...,N0 

promises addi t ional informat ion a b o u t the validity of 
(14), (16), and (18) 

F r o m Tables 1 a an d 1 b we can see that in our 
example all neglected A-basis repulsion integrals are 
indeed much smaller t han cor responding </>-basis inte-
gral values. The assumpt ion (11) may be justified here. 
The inseparably related assumpt ion (12), on the other 
hand, seems to be less justified if Dr is chosen to be 0, 
but can be greatly improved by tak ing any Dr>R 
instead [22]. 

Similar observat ions concerning the validity of 
equivalent assumpt ion for the a t t rac t ion integrals can 
be m a d e f rom Tables 2 a and 2 b, where 

*V ,(i4) = * S + * A V , ( y l ) * S + * , A = 1 , 2 , N a . (31) 

The list of kinetic energy integrals in Table 3, how-
ever, shows that there is no way to apply the N D D O 
approx imat ion scheme here. For tuna te ly , these few 
integrals are easy to evaluate, so tha t their exact t rans-
format ion according to (19) causes n o problems. 

Al though the full t r ans format ion (13) of </>-basis re-
pulsion integrals in to the / -bas is should be excluded 
in general, it may be carried out for a few simple cases 
of d ia tomic molecules, where all integral values over 
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Table 2 a. Non-redundant (p-basis attraction integrals [23]. 

H v A %M) *Vß\(A) 
Da = 0 Da>R 

using (21) or (22) 

1 1 1 
1 2 1 
2 2 1 

-1 .200 
-0.598 
-0.647 

-1.128 
-0 .623 
-0.719 

-1 .200 
-0 .623 
-0 .647 

Table 2 b. Non-redundant A-basis attraction integrals. 

H v A %M) 
Da = 0 

%\(A) 
D>>R 
using (21) or (22) 

1 1 1 
1 2 1 
2 2 1 

-1.328 
-0 .044 
-0.579 

-1 .200 
0.000 

-0 .647 

-1 .298 
0.000 

-0.549 

H v kK. 
Table 3. Non-redundant 
kinetic energy integrals. 

1 1 
1 2 

0.720 
0.233 

1.032 
-0 .463 

Table 4. Total orbitals numbers N0 and interatomic distances 
R [21]. 

Molecule R(k) R (a.u.) 

H2 2 0.742 1.402 
LiH 3 1.595 3.014 
HF 6 0.917 1.733 
LiF 7 1.510 2.853 
BeO 7 1.331 2.515 
BN 10 1.281 2.421 
CO 10 1.128 2.132 
N2 10 1.094 2.067 
o 2 10 1.207 2.281 
F2 10 1.435 2.712 

Table 5. Slater orbital exponents [24], 

Atom Ci. c2s c2P 

H 1.20000 
Li 2.69063 0.63961 
Be 3.68478 0.95603 
B 4.67939 1.28808 1.21066 
C 5.67263 1.60833 1.56788 
N 6.66507 1.92368 1.91703 
O 7.65781 2.24588 2.22662 
F 8.65007 2.56387 2.54997 

Slater-type a tomic orbitals are easily obtainable . As a 
criterion for the validity of our simplifications, in Ta-
bles 6 a, 6 b, 6 c and 7 a, 7 b, 7 c we list the quadra t i c 
means 0(Tr, A<rr, <t>aa, and V a for three sets of simplified 

repulsion and at t ract ion integral differences f rom the 
corresponding true integrals values: 

"11/2 

V = 

(32) 
r j no -|i/2 

F Z ^ I - K I K K ) ) 2 , 

(33) 

[1 Na No 11/2 

T ^ t t Z Z ( % S M ) - % M ) ) 2 , (34) 

o„ = 
L v o ^ a A /I, v 

]l/2 
(35) 

Total numbers iV0 of a tomic basis functions, inter-
a tomic distances R in Ä and atomic units (a.u.), and 
Slater orbital exponents ( can be taken f rom Tables 4 
and 5, respectively. 
F r o m inspection of Tables 6 a - c and 7 a - c we con-
clude: 

• Repulsion integral evaluations in general can be 
simplified with higher fidelity than nuclear a t t rac-
tion integrals. 

• Identical results will be obtained for any locally 
or thogonal ized basis set if 0 ^ {Dr, Da} ^R. 

• With the exception of the H 2 molecule, there are no 
improvements to be expected f rom choosing Dr > 0 
and Da > 0, whenever locally or thogonal ized basis 
sets are used. 

• Best results will be obtained with ordinary (in par t s 
non-or thogonal ) Slater-type a tomic orbitals, choos-
ing Dr> R and Da> R and using Mulliken's ap-
proximat ion. Only in this case extensions of Dr and 
Da yield considerable improvements . C o m p a r e d to 
locally orthogonalized basis set results with Dr = 0 
an d Da = 0, however, these improvements may be 
regarded as negligible (again with the exception of 
the H 2 molecule). 

As a quintessence of our study we state: With the 
simple distance parameter choice Dr = Da = 0 and lo-
cally or thogonal ized basis sets we hope to obta in an 
acceptable agreement between simplied repulsion and 
a t t rac t ion integrals and their corresponding true val-
ues. 

7. Summary 

The main features of the proposed simplified inte-
gral evaluat ion procedure are: 
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Table 6 a. Quadratic means (32) and (33) for simplified atomic Slater-basis repulsion integral sets. 

Mole- \ \ \ xar V 
cule Dr= 0 Dr> 0 Dr>R Dr>R Dr = 0 Dr> 0 Dr>R Dr> R 

using (16) using (18) Dr^R using (16) using (18) 

H 2 0.022 0.622 0.002 0.002 0.040 0.546 0.007 0.007 
LiH 0.043 0.031 0.006 0.013 0.040 0.031 0.006 0.009 
H F 0.062 0.053 0.010 0.060 0.056 0.050 0.011 0.050 
LiF 0.046 0.009 0.004 0.008 0.041 0.009 0.005 0.007 
BeO 0.042 0.017 0.005 0.020 0.038 0.016 0.006 0.016 
BN 0.020 0.121 0.031 0.141 0.020 0.101 0.022 0.110 
CO 0.025 0.113 0.031 0.132 0.024 0.096 0.022 0.106 
N 2 0.025 0.178 0.050 0.208 0.024 0.145 0.032 0.157 
o2 0.028 0.033 0.009 0.046 0.025 0.029 0.008 0.039 
F2 0.032 0.008 0.002 0.007 0.028 0.007 0.002 0.007 

Table 6 b. Quadratic means (32) and (33) for simplified atomic Schmidt-basis repulsion integral sets. 

Mole- \ \ \ \ V 
cule Dr= 0 Dr> 0 Dr>R Dr>R D= 0 Dr> 0 Dr>R Dr>R 

Dr^R using (16) using (18) Dr^R using (16) using (18) 

H 2 0.022 0.622 0.002 0.002 0.040 0.546 0.007 0.007 
LiH 0.009 0.027 0.008 0.015 0.010 0.029 0.008 0.012 
H F 0.012 0.051 0.013 0.063 0.014 0.050 0.014 0.056 
LiF 0.005 0.006 0.005 0.009 0.006 0.007 0.006 0.008 
BeO 0.007 0.013 0.007 0.022 0.008 0.015 0.008 0.019 
BN 0.006 0.117 0.031 0.163 0.009 0.101 0.022 0.126 
CO 0.007 0.110 0.031 0.150 0.010 0.096 0.023 0.120 
N 2 0.007 0.174 0.050 0.247 0.011 0.145 0.032 0.184 
O 2 0.005 0.031 0.010 0.049 0.007 0.029 0.009 0.043 
F2 0.003 0.005 0.003 0.007 0.003 0.004 0.003 0.007 

Table 6 c. Quadratic means (32) and (33) for simplified atomic Löwdin-basis repulsion integral sets. 

Mole- \ \ \ \ V 
cule Dr = 0 Dr> 0 Dr>R Dr>R D= 0 Dr> 0 Dr>R Dr>R 

Dr^R using (16) using (18) Dr^R using (16) using (18) 

H 2 0.022 0.622 0.002 0.002 0.040 0.546 0.007 0.007 
LiH 0.009 0.027 0.007 0.011 0.010 0.029 0.008 0.009 
H F 0.012 0.051 0.012 0.049 0.014 0.050 0.014 0.043 
LiF 0.005 0.006 0.005 0.007 0.006 0.007 0.006 0.007 
BeO 0.007 0.013 0.007 0.016 0.008 0.015 0.008 0.014 
BN 0.006 0.117 0.031 0.122 0.009 0.101 0.023 0.097 
CO 0.007 0.110 0.031 0.115 0.010 0.096 0.023 0.094 
N2 0.007 0.174 0.050 0.179 0.011 0.145 0.033 0.139 
o2 0.005 0.031 0.009 0.040 0.007 0.029 0.009 0.036 
F2 0.003 0.005 0.003 0.006 0.003 0.004 0.003 0.006 

• T h e a p p r o x i m a t i o n scheme is comple te ly n o n - e m -
pirical , r e t a in ing the r o t a t i o n a l i nva r i ance p r o p e r t y . 

• A p p l i c a t i o n of the N D D O a p p r o x i m a t i o n is c o n -
s idered for the e v a l u a t i o n of repu ls ion a n d a t t r ac -
t ion in tegra l s only . 

• All c o m p l i c a t e d th ree -cen te r a n d four -cen te r inte-
gra ls van i sh comple te ly . T h e n u m b e r of in tegra ls to 
be ca lcu la t ed a n d s to red is dras t ica l ly r educed . 

• N o n - v a n i s h i n g l o n g - r a n g e repu l s ion a n d a t t r a c t i o n 
in tegra l s ove r symmet r i ca l ly o r t h o g o n a l i z e d L ö w -
din o rb i t a l s a r e ident i f ied di rect ly wi th t hose of the 
o r ig ina l basis . 

• F o r the e v a l u a t i o n of n o n - v a n i s h i n g r epu l s ion a n d 
a t t r a c t i o n in tegra l s b e t w e e n nea r n e i g h b o r s a 
g rea t ly s impli f ied t r a n s f o r m a t i o n m a y be cons id-
ered , us ing M u l l i k e n ' s o r a l t e rna t ive ly R u e d e n -
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Table 7 a. Quadratic means (34) and (35) for simplified atomic Slater-basis attraction integral sets. 

Mole-
cule D= 0 Z)A> 0 

D^R 
Da>R 
using (21) 

DA>I? 
using (22) 

Dm = 0 

IIA
 V

 
Jo

 o
 

DA>/? 
using (21) 

Da>R 
using (22) 

H2 0.054 0.418 0.017 0.017 0.079 0.373 0.038 0.038 
LiH 0.242 0.064 0.021 0.026 0.248 0.062 0.021 0.023 
HF 1.751 0.554 0.284 0.359 1.902 0.544 0.283 0.308 
LiF 1.523 0.154 0.127 0.134 1.560 0.156 0.120 0.122 
BeO 1.188 0.229 0.154 0.178 1.255 0.237 0.149 0.156 
BN 0.643 1.017 0.274 0.369 0.821 0.974 0.266 0.285 
CO 0.900 1.168 0.327 0.438 1.104 1.106 0.314 0.349 
N2 0.836 1.501 0.366 0.453 1.030 1.402 0.331 0.367 
o 2 1.161 0.523 0.207 0.254 1.258 0.478 0.211 0.232 
F2 1.515 0.176 0.102 0.107 1.536 0.169 0.111 0.112 

Table 7 b. Quadratic means (34) and (35) for simplified atomic Schmidt-basis attraction integral sets. 

Mole- V , ^A 
cule DA = 0 DA > 0 D*>R Da>R DA = 0 DA> 0 Da>R Da>R 

using (21) using (22) using (21) using (22) 

H2 0.054 0.418 0.017 0.017 0.079 0.373 0.038 0.038 
LiH 0.036 0.063 0.039 0.033 0.039 0.068 0.037 0.037 
HF 0.410 0.671 0.474 0.405 0.515 0.661 0.481 0.494 
LiF 0.200 0.208 0.206 0.200 0.210 0.216 0.206 0.208 
BeO 0.237 0.281 0.256 0.235 0.266 0.300 0.255 0.260 
BN 0.228 1.022 0.357 0.220 0.409 1.013 0.356 0.397 
CO 0.295 1.185 0.441 0.288 0.507 1.158 0.443 0.489 
N 2 0.263 1.493 0.424 0.250 0.492 1.444 0.426 0.482 
o 2 0.265 0.567 0.317 0.263 0.359 0.526 0.325 0.342 
F2 0.158 0.185 0.161 0.157 0.169 0.176 0.165 0.166 

Table 7 c. Quadratic means (34) and (35) for simplified atomic Löwdin-basis attraction integral sets. 

Mole- ''A v a 
cule Da = 0 D a > 0 Da>R Da>R Da = 0 D a > 0 Da>R D a >K 

D^R using (21) using (22) DaSR using (21) using (22) 

H2 0.054 0.418 0.017 0.017 0.079 0.373 0.038 0.038 
LiH 0.036 0.063 0.034 0.033 0.039 0.068 0.037 0.037 
HF 0.410 0.671 0.419 0.405 0.515 0.661 0.484 0.494 
LiF 0.200 0.208 0.201 0.200 0.210 0.216 0.207 0.208 
BeO 0.237 0.281 0.238 0.235 0.266 0.300 0.258 0.260 
BN 0.228 1.022 0.297 0.220 0.409 1.013 0.390 0.397 
CO 0.295 1.185 0.370 0.288 0.507 1.158 0.475 0.489 
N2 0.263 1.493 0.381 0.250 0.492 1.444 0.472 0.482 
o2 0.265 0.567 0.284 0.263 0.359 0.526 0.331 0.342 
F2 0.158 0.185 0.158 0.157 0.169 0.176 0.165 0.166 

berg's approximat ion to represent all those integral 
values which have not been evaluated explicitly. It 
turns out, however, that for these integrals a direct 
identification of A- with 0-basis values is quite justi-
fiable. 

• All remaining one- and two-center one-electron and 
two-electron integrals can be easily evaluated 
within an all-electron basis set of ordinary Slater-
type atomic orbitals, possibly followed by local 
orthogonalizat ions. 

• Using different orbi tals for different spins (DODS), 
the simplified integral evaluation scheme is also ap-
propr ia te for the t rea tment of open shells. 
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